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Direct Approaches from QCD

- Why are the quark models not sufficient?

— Hadrons are not few-body systems in a simple
Hamiltonian.

— QCD vacuum does not allow perturbation series to
describe physical quantities.

— Analyses of variety hadron properties require field
theoretical methods to describe quark-gluon composite
systems.
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Lattice QCD

- Quark and gluon fields are placed on the lattice.

— Infinitely many degrees of freedom of QCD are
reduced into a finite number of variables on the
discretized 4-D lattice.

— Path integrals of QCD are numerically evaluated on the
4-D Euclidean lattice.

— The local gauge invariance is maintained by
iIntroducing link variables corresponding to the gluon
fields.
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Two Point Correlators

TPC II (x) contains information of the spectrum

[(z) = (()|T(.](_1.),f(()))|()) 7(0)%J( )

« J(x): interpolating field operator

determines quantum numbers

 Fourier transform
p
p

H(p) =i / (1".1'(’i”""(()\T(.](.z')j(()))|())
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Two Point Correlators

e interpolating field operator

Mesons
T
I =1 vector meson Jo(x) = qlx)y"5q(x)
I =1 pseudoscalar meson  J.() :q(.r)~,:’f—:q(.r)

Baryons

J =1/2 baryon
B(z) = Fuh('(”z.(_-")(u/S(,h(-'r))“('(4",)
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Baryon operators

- di-quark operators

g(z) -5 ¢°(z) =C¢''(z), C=i"y?*=-C"1=-CT=-C"
¢°(t, &) = CF* (t, &) —— —~°C(t, %)

C=3,1=0,8=0,scalar 0":  euc(tf (z)Cy°dc(z))
C=6,I'=1,5=0, gealar 0% (uy (2)C¥°dc(z)) + (d & u)
C=3,I=0,S =0, pseudoscalar 0~ €ave(up (2)Cd.())
C=6,I=1,85 =0, pseudoscalar 0~:  (u] (z)Cd.(z)) + (d & u)

I3 (@) = €abe (Ua(2) Cdy(2)) (Y5uc(2))™ + tua(2)Crsdy (z))us (z)].
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Lattice QCD

Path Integral in Field Theory
(1:t116::)) = [Dg] exp {%S[qb]} =D _(slm)e™ 7 N nl )
S[é] = /t e / &z L(¢, 0,0)

Path Integral Form of Partition Function

Yy | 7
. _?"311= J—
Z = Tre /[Dq]cxp( h/¢, dtH(q))
tf—ti=6h
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Lattice QCD

Minkowsky to Euclid

i=it, d=-i4, J=gq

ZS[q(t)l—»sm(t‘)] Slgd) = [ diL(g,q)
L(g,§) = ?2 V(g) — L(q,q) = 7;?1'2+V(q)

L(8,0,8) = 50,606 — m* — L(3,0,8) = ,0,80,6+ ym’
0,60, = (0)" + (V3
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Lattice QCD

Euclidean Path Integral in Field Theory (bar and A omitted)

(91,8 =i+ T|di.t;) = /[D¢] exp(—S[g]) = Y (¢s|n)e 5" (n|o;)
=5 (or[0)eET(0]g;)

Green’s function

<¢f.’ tr =1+ T|T[p(z1)p(22) - - - d(2n)]|Pi-ti)
o, (07£10)(0|T[p(z1)P(x2) . . . p(x1)]|0) <0|¢i)6_E"T
= /[D¢]¢(.’IJ1)¢($2) ... (n) e~ Slé)

[[D@ld(1)d(z2) . .. p(z,) €514

OIT(g(@1)9(a2).. . 6@)]10) = e
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Lattice QCD

Hadron Masses

M(z) = q(z)Tq(z)
 [[Dq][Dg][DUM (z)M(0) e~Sa:a!
(O|T[M(z)M'(0)]|0) = et

~ constant x e~ EM=E)T  for g0 =T > 0

Hadron Matrix Elements
O(y) = q(y)Loq(y)

J/[Dq]|Dq)|[DUIM (z)O(y) M (0) e=Sla:2]
[[Dq][Dg)[DU] M (z) M*(0)e~Slaal]

~ constant x (M|O|M)

for zo > yo > 0
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Lattice QCD

Discretization
¢(z) — o(n)  n=(n1,ng,n3 ny)
Oup(x) = #n+A) - (n), a: lattice spacing; i =

a
/ dr=) a X
scalar field actlon

PP CAL RO

n
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Lattice QCD

Gauge field as link variables

A(z) — U(z,y) =Pexp (z’g /y dpr“)

parallel transport )

¢" (z + dz) = q(z) — igA, q(z)dz" ~ e 9 g(x)
— ¢"(y) = U(y, z)q(z)

gauge transform

g(z) — g(z)q(z); q(y) — 9(y)a(y)
U(y,z) — g9(y)U(y,z)g(z) ™

U, =U(z,z+dy)U(z + dy,z + dy + dz) U(z + dz + dy, z + dz) U(z + dz, z)
~1-a'¢*G,.G,,

So=38 (1 - ;fcRchp))
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Lattice QCD

e Imaginary time two-point correlator

M(F=0;7) = / &z (0|T(J(Z,7).J(0,0))[0)

laree 7 .
o 2 : 2 _—my;T TIge 2 _—moT
]
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Lattice QCD spectrum of light hadrons
PACS- CS collaboration, Phys. Rev. D79 034503, 2009
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FIG. 24 (color online). Light hadron spectrum extrapolated to
the physical point using m_, my and mg as input. Horizontal
bars denote the experimental values.
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Baryon-baryon interaction

# Quark Cluster Model (M.O., K.Yazaki, 1980)
Short-range repulsion due to the quark exchange mechanism
based on the NR quark model with gluon exchange interaction.

Z
Z

o [deg ]

d [deg |

0 100 200 300 “0 100 200 300
Eve (MeV) E, [MeV]

Takeuchi et al. ghilé
M. Oka, NFQCD2010 _ 15
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Baryon-baryon interaction

®  Strong repulsion in the Pauli forbidden states
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reck endi
PRL 99, 022001 (2007) PHYSICAL REVIEW LETTERS week ending

Nuclear Force from Lattice QCD

N. Ishii,"* S. Aoki,™* and T. Hatsuda®
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Hyperon-Nucleon Force from Lattice QCD

Hidekatsu Nemura ®*!, Noriyoshi Ishii®, Sinya Aoki®9, and Tetsuo Hatsuda
arXiv:0806.1094 [nucl-th]
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Baryon-baryon interaction

# Recent development of the BB potential calculation in LQCD

 |In lattice QCD, BB potential can be defined and
extracted through 4-point function.

W (t—t,,F) = D, (0|B,(t,X+F)B,(t,X) B,(t,) B,(t,)|0

at t—t,>t_, V(F) = J V"d)f‘-!r) . T,
B.S.amp. ¢, (7) | 2p g (1)

* Developed by Ishii, Aoki and Hatsuda for NN(2006)

Phys. Rev. Lett. 99. 022001 (2007) [arXive:nucl-th/0611096]
arxiv:0909.5585[hep-lat]

* Applied to YN by Nemura, Ishii, Aoki and Hatsuda.
HAL QCD Collaboration

by T. Inoue M. Oka, NFQCD2010 — 19




Baryon-baryon interaction

# BS amplitude — potential

BS amplitude(wave fucntion)

W r v 220) ; pri=S

pn= S, 1.0 | €
1 v _ 08|
| = | _
1.0 F N = | IS pye.
' - - o ' ’ S A
08} > & 06|}
| P ,
06 - H t S normalized at ..
) > = 04}
~J g
-6

0 (ln-“.f . 2 02 }
AR R o "y > Y y [a) sia .
20— 4 ad - —t=10

< 4 . D )
X [al 6 8 3 0 3 A A A A A A
0.0 0.2 0.4 0.6 08 1.0 1.2 14 1.6

« From these amp. potentials are extracted.

HAL QCD Collaboration

by T. Inoue M. Oka, NFOQCD2010 — 20




Lattice QCD : SU(3) limit

# NN potential (I=1) V@7 and (I=0) V109

27 10* HAL QCD Collaboration
V( ) and V( ) by T. Inoue
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Lattice QCD : SU(3) limit

# V6 and V()

V(8s) an d V(l) HAL QCD Collaboration

by T. Inoue
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Lattice QCD : SU(3) limit

# VU0 apd VG

10 8a HAL QCD Collaboration
V( ) and V( ) by T. Inoue
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QCD Sum Rules

Direct Approaches from QCD
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QCD Sum Rules

Correlation function of composite operators
(p) =i / d'ze?*(0|T(J(x)J(0))]0)
' J(x) : Interpolating field (= composite operator)
(1) OPE (Operator Product Expansion) side
(pg) = Z Co(p)(010,(0)]0) (), : Local operator

Deep Euclid region  pp = —p° — x
a. (pe?) — 1/ In(p?) = perturbative

Nonperturbative effects are taken into account as vacuum
condensates

OPE expansion w.r.t. 1/p.?
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QCD Sum Rules

Operator Product Expansion for ¢* scalar field theory

Tlo()o(w)] =  (OITle()o(O)I0)  + (@)e(0) :

singular part (c-number) non-singular (normal product)

Iree scalar field
—iA(z) = (0|7 [¢(z)9(0)]|0}
N f e T d-l 271_2] gp_;; Byt d?ﬁ
p? — m? + ie (2m)* 2E, (2r)?

m—0 1 & ipr tpr zptd b i
(27r)22r/o (e . (2m)22?
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QCD Sum Rules

OPE in ¢* theory

L= %(de))? = %m?é? %a‘

~iA(p) = [(OITI6()8(0)][0)e”*dz ~ Cy(o?) + Ca@)0] : 6°(0) : [0) + ..
i i A A? 1L, of R ot - A il

Cl(p2)_p2 ‘+2(41r)2(p2—m'2)2+'“~?+F(1-‘_321r'2m_2+'”)
3 A 1 | /\

leox)o &Pz ~ Cy () + Can () : $(0) : +
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QCD Sum Rules

quark propagator
iS(z,y) =iSo(z —y) + g f d*2iSo(z — 2) (i - A(2))iSo(z — y) + O(g?)

fixed point gauge z-A(z) =0

:BVGWI- ass :B"('),,Ap S A# - (‘),,(.’L‘VA#)
1

r— ar and /0 do

1
A,(z) = :z:"/ﬂ doaG,,(az) = %IVG,,N(O) + ...

| 1 1

iS(z) = 5 2y (v-2) = 15(89) — 755% (999 - Ga) + ..

Direct Approaches from QCD
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QCD Sum Rules

Interpolating field operators

Mesons

T
J.(z) = glz )Y =qlz)
p\T) = QT g I\ |=1 vector meson

l

J(z) = g(z) 3.‘_),1(.,.) |=1 pseudoscalar meson

Baryons (nucleon)
JQ(:B) . Eabc:(ua(x)c‘db(x))('\.’Suc(x))a g t(ua(x)(]'y—,db(x))u?(x)]

OPE of nucleon correlator (at p =0)

5+ 2t +5t° 5+ 2t + 5t* s TS
ImAOPE(PU) - 211':74 plllg(pu) e 29‘”2 'pl'](}(pl'])< - GG) +
i kit - 4 .
T 5‘5(170)(0(1)2:
. T2 —2t—5 . 3(t? —1) :
ImB®"(po) = — oo 5 pi0(po)aa) + ~ 555 O(po){ago - Ga).
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QCD Sum Rules

Correlation function of composite operators

(2) Phenomenological side
in terms of the spectral functionat s=p2=m?2

0 L af (S)
L{p*) = /(/.s' P

- ‘)
(] I S — ])'

p(s) = No(s — m?) + (s — sp)pls)
pls): S])v(-tl';ll function A

5

S, : Continuum threshold

pole m?
D —
continuum p(s)

P cug
Pp=-—9pP — X
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QCD Sum Rules

Correlation function

1(p) =i [ d'ze®=(0|T1J(2)J (0))0)

=i [ dze {o(x") 5~ (01 (2)|m(@)) (m(@)|.](0)/0)

m(q)

=27) 3 (017 (0)|m(q)) (m(d)|J (-’v)IO)}

m(q)
=i fdtaere S [ 4T {0(a)01I(@) m(@) (m(@)TO)0
+o(—x°)<ow(0)|m(a)><m<a)u(z)|o>}

¥ Q,r)s Li [ dtze {0(a%)e (0} (0)lm) (m] J(0)[0)
+6(—2°)e*(0]J(0)|m)(m|J (0)|0) }
= SIOUOmF 5 om . En= P m?
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QCD Sum Rules

p(p?) = ImlIl(p Z2Eml<0|J (0)|m) *mé(p* — m?)
Dispersion relation Subtraction
1 = p(s) L 0 P’
) ! -
H(p)_'ir 0 9_pd9 s — p? = s(s — 2)
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QCD Sum Rules

(3) Analyticity of the correlator
dispersion relation

o1 g Imll(s)
(%) = _/ )
mTJ0

QCD duality threshold s,

‘)
S — p*

ImII®PE(s) = ImIT™M(s) for s > s
/ lmll”"“(s)(“ . / lmll"”(,q)dS

¥ 2
0 8§ — p* Jo 8 — p°

Direct Approaches from QCD
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QCD Sum Rules

(4) To improve:
Borel transformation M?2

9 2 =~ 2 . | 2- )”7“71 l & 75
H(p? = —p2) = Baell = TI(M?) = lim Pk ( ’ ) (p2)

Tl \2=p2. [n=finite H‘ _([ )3~
Py 00,0 P/ n=hnite . 11:

Borel sum rule for the imaginary part of II (s = pz2)

so ImlI(s) 'S0 10
B,\,:/ - ('ﬁ')(/.s' — / e ™M ImlII(s)ds
Jo Jo

‘)

S 1 ])‘1',:

'S

/.\“( s,".\l‘“']“ll[()l’lf(sl)ds = / “(_ h"“'”:]lll”l)u(l.'\‘)(lh'
JUO
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QCD Sum Rules

Borel transform

~ 2 . (_p2)n+l i s 5
I[I(M*) = —p2,1711m—> Woa- (—dpQ) I1(p*)
M? = —p*/n
1 k 1
() (- DM)L
| 1 1 e—m:’/M:?

(—P2+m2)"  (n—1)|(M2)n

/ds- p(s) ——>/dsc“"/“’2p(3)

—p*+3

Direct Approaches from QCD
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QCD Sum Rules

L.J. Reinders et al., Hadron properties from QCID sum rules 55
18 -
S le for th ‘
um ruie 10r the p meson iy i \
\\ 1 lB
\
16 - \n\
\
1r A S f
‘s__.‘ th corr
10 - S~ b T
\\\
" | S~ mass in GeV
] =t T T OSSN0 power corr
- d‘*" \\\\‘
L 1 1 |
0L 05 06 07 08 09 10
M

Fig. 11. The p meson mass with and without power corrections. The continuam threshold s = | 5GeV?, Also shown are the functions foe and
for coee defined in the text. The region between the arrows A and B is considered to be reliable for determining the resonance parameters. Figure
adopted from [1].
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QCD Sum Rules

* Parity projection for a.J = 1/2 Baryon

J(t,T) — +°J(t, %)
VItE) — +*°J(t, -7) = —*4°J(t, %)

0]J(2)|B* () = M us(ple ip-a
0lJ(x)|B~(p)) = A-7’u_(p)e ™

() = /'(1-'.u-"'f--";<(1|'1' (J(x)J(0))|0)

: m.y : b &
= - / dm £ i J + [ dm_ ﬁ."/, ( )","
. oj —my . q —m

(my) (M-
- — / dm / dm_
. 6} —my 9} +m
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QCD Sum Rules

 Time ordered correlation function
D. Jido, N. Kodama, M.Oka, PR D54 (1996)

[I(p) =1 / d*xe '."""()(.1'“){() Jp(x)Jp(0)]0)
Rest frame: p = (po, 0)

20 + 1

Yo —

ImIl(pg) = (A4) 8(po — my) + (A_)? dpg —m_)

+ -+« (continuum)

= "YA(po) + B(po).

Direct Approaches from QCD
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QCD Sum Rules

Spectral function A(s2) + B(s')

A : chiral even terms
B : chiral odd terms

B+- B- mass difference
is induced by nonzero B(pP)

g1/2
Borel Sum Rules for m,_and m.

/' | [““()H‘:([)”) L3 “()I)H(l’u” exp = ()([]-, dpo = (My)°exp |- I\”["*’
Jo WE -
/' ["l(wl‘:(l’”) “()I)l'z(l'u,)] exp I\)‘/].-—, dpp = (A=)*exp l{":’
Jo E ==
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QCD Sum Rules

Baryon Masses from QCD Sum Rules
D. Jido, M. Oka, A. Hosaka, NP A629 (1998)

Barvon Mass (GeV)

Baryon Mass (GeV)

T - 12 . ‘ . .
18 2 135 14 15 14 17 18 19

Borel Mass (GeV)

Unit: GeV

14

Boral Mass ((ic\")

Baryon | N, A, 2. =, N. A. 3. = | As. | Asq
Sumrule [ 0.94 1.12 1.21 1.32 154 1.55 1.63 1.63| 1.31 |2.94
Exp. [ 094 1.12 1.19 1.32 1.535 1.67 1.62 1.405
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Bayesian Inference of Spectral Function in the
QCD Sum Rules

P. Gubler, M.O., Prog. Theor. Phys., 124 (2010) 995,

arXiv: 1005.2459v1
P. Gubler, K. Morita and M.O., Phys. Rev. Lett., in print,
arXiv:1104.4436 [hep-ph].
K. Ohtani, P. Gubler, M.O., To be published, arXiv:1104.5577 [hep-ph]
K. Suzuki, P. Gubler, K. Morita and M. 0., inpreparation.
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Bayesian Inference of Spectral Function in the

QCD Sum Rules

One of the first and most successful QCD sum rule so far is

for the p meson mass, where the “pole + continuum” ansatz
works well. bop(s) = A(s —m®) +0(s — sp)p(s)
18 ~
\\
- v v N 16 " \\ 1 P
fl resonance b 0w \.\ Y
{ AN
=1 i .-, >Sumrule for p mass
& t ] L fin corr
i wese4 7= -
| r . T~
i ,_.m«:‘f"wv:«vmlil:mlm! = 08 - \\\‘\‘ mass i Gey
’ — - : = -~ PP S<i__"o power corr
os < foao "~
| 1 I —
08 09 10

s [GeV©)
N N —
06 05 06 07
M

Y. Kwon, M. Procura, and W. Weise,
PRC 78 (2008) 055203.
by Reinders, Rubinstein, Yazaki
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Bayesian Inference of Spectral Function in the
QCD Sum Rules

We use the Bayesian inference theory to obtain the most
probable spectral function that satisfies the sum rule.

The same method, Maximum Entropy Method (MEM) was

formulated to obtain the spectral function from the lattice
QCD data.

Asakawa, Hatsuda, Nakahara, Prog.Part. Nucl.Phys.46 (2001)
459-508.
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Bayesian Inference of Spectral Function in the
QCD Sum Rules

The Borel sum rule is reduced to a mathematical problem to
invert the integral relation:

0 26() W2 /M2 . N _
K(M,w) = 2 e~/ insensitive to w=0

G(M) is given by the QCD OPE, and p(®) is estimated.

A similar problem in the lattice QCD:
by Asakawa, Hatsuda, Nakahara

G(1) = Z(Oi()(.?'. )01 (0, 0)|0) = /O\ dwK (1,w)p(w)

£

K(r,w)=¢e"“7
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Maximum Entropy Method

Bayes’ Theorem
Plp,G|I| = P|p|G,I|P|G|I| = P|G|p, I P|p|I]
—> Plp|G, 1] = P|Glp,I|P[p|I]/P|G|I]

P|[A|B] denotes the conditional probability of A given B.
p=p(m) is the spectral function to be estimated, G=G(M) is
the OPE result, and 7 is the other general condition for
the spectral function, in particular its positivity.

P[G| p, 1] is the likelihood function and P[p| 1] is called
prior probability.

To obtain the most probable spectral function, we find the
maximum of P[p|G, I].
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Maximum Entropy Method

Likelihood function
We assume the Gaussian distribution, similarly to the y?

fitting.
P[Glp, 1] = ZLle—“
max 2
L[p] = / dM GOPE(M)]
2( max mln M in /
Prior probability = dw K(M,w)p(w)
Plp|1] = 2, el
Tt PGP p(w)
Slp] = -/O dw [/)(w) — m(w) — p(w) log ('Ill(w')‘)]
/ Shannon-Jaynes entropy

m(®): default model, which maximize the entropy.
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Default model

conditions required
m(®=0)=0
m(m—large)=pore(®)

m(w) = (1+ %)

1)
1+e(wo—w)/0

: Wy =15GeV
- o 8=01GeV A
- \ =
| [gesss—
Jivsry

0l =T T

008

1 J | 1

d)

oy =20GeV
5=005GeV -
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Application to charmonium
at finite temperature

- Prediction of “J/y Suppression by Quark-Gluon Plasma Formation”

T. Matsui and H. Satz, Phys. Lett. B 178, 416 (1986).

- During the last 10 years, a picture has emerged Gy (M.T) 075 Te
from studies using lattice QCD (and MEM), where -2
J/y survives above T..

M. Asakawa and T. Hatsuda, Phys. Rev. Lett. 92 012001 (2004). 01
S. Datta et al, Phys. Rev. D69, 094507 (2004).

T. Umeda et al, Eur. Phys. J. C39S1, 9 (2005).

A. Jakovac et al, Phys. Rev. D75, 014506 (2007).

(onewayos)

1
5 ) 4

M GeVI

taken from
H. Satz, Nucl.Part.Phys. 32, 25 (2006).



The charmonium sum rules at T=0

The sum rule:

o~ ’
M(v) = / e m/)(4m,2.1)(1[ (v = 4\,]”;)
JO

M(v) = A(v)

perturbative term including Non-perturbative corrections
a, correction including condensates up to dim 6

Developed and analyzed in:

M.A. Shifman, A.l. Vainshtein and V.I. Zakharov, Nucl. Phys. B147, 385 (1979); B147, 448 (1979).
L.J. Reinders, H.R. Rubinstein and S. Yazaki, Nucl. Phys. B 186, 109 (1981).

R.A. Bertimann, Nucl. Phys. B 204, 387 (1982).

J. Marrow, J. Parker and G. Shaw, Z. Phys. C 37, 103 (1987).
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MEM Analysis at T=0
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Here, the following values were used:
(2:G?) = 0.012 + 0.0036 GeV*
me = 1.277 + 0.026 GeV




‘ The charmonium sum rules at finite T

The application of QCD sum rules has been developed in:
T.Hatsuda, Y.Koike and S.H. Lee, Nucl. Phys. B 394, 221 (1993).

- —vt ..
M(v) = /0 e "'p(4mit)dt

— M?2
(V - 4171?.)

M(v) = A(v) [1—{—(1.(1/)0:3(1/)-

+b(1/)

"“('2>1

+('n(1/)<

<4 C'2>1 2

III

+ )G

]

dependon T

[

(22G%)p = {

(L2G2) o =

8

s(2 8
o O [V R o (o

—2D) (¢ + p)

3p)

~

J
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The charmonium spectral function at finite T
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‘ The charmonium spectral function at finite T
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The charmonium spectral function at finite T
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The charmonium spectral function at finite T
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Both J/p and n_. have melted completely.




Conclusions

We have shown that MEM can be applied to
QCD sum rules

The “pole + continuum” ansatz is not a
necessity

We could observe the melting of the S-wave

charmonia using finite temperature QCD sum
rules and MEM

Both n. and J/y seem to melt between T ~
1.0Tcand T~1.1T., which is below the
values obtained in lattice QCD





