Hartree-Fock Method

V() (MeV)

Independent particle motion

In a potential well
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Slater determinant: antisymmetrization due to the Pauli principle
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Pairing Correlations

209 Ri — 208
g3Bl126 = “2%5,PD1og + P

1.60 13/2%
0.89 T2
0 9/2~
ZOQBi

210 _ 208
g4P 0126 = “%g,PDo¢ + 2p

expectation of the indep. particle model:

E=0: [ho/> @ hos2l’  (1=0,2,4,6,8)

E=0.89 MeV: [hg > &) f7 /2]’
(1=1,2,3,4,5,6,7,8)

—> # of states below 1 MeV: 13

V() (MeV)
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#1064P0 196 = 2%%,Pb o6 + 2p
expectation of the indep. particle model:
E=0: [hg/» @ hgal’  (1=0,2,4,6,8)
E=0.89 MeV: [hg > Q) f7/2]" (1=1,2,3,4,5,6,7,8)
—> # of states below 1 MeV: 13

observed spectra:

1.20 MeV 4*
0.81 MeV 27
0 0*

210PO

<{mmmm)> Effects of the residual interaction
A TLQ 1 A
H=7} (—%Vf + VHF(’i)) +5 > v(r,ry) — ZVHF(%')

1=1 49




Effects of the residual interaction
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Interaction Interaction



Simple interpretation:

A

—

| |

1=0 pair I #0 pair

The spatial overlap is the largest for the 1=0 pair.

“Pairing Correlation”
(note) The 1=2j pair is unfavoured due to the Pauli principle.
(note)

$(1% L =0) = Y (ul — p|L = 0,0) ¥, (F1)Yi_,(72) = Yio(612)/v4n
7



0+,2%,4%,6%,.....

6+
A+
2+
O+
without residual with residual
Interaction Interaction

S

The ground state spin of nuclei

»Even-even nuclei: 0*
»Even-odd nuclel: the spin of the valence particle




Mass Formula (Even-odd mass difference)

Extra binding when like nucleons form a spin-zero pair

Example: Binding energy (MeV)
“O82PD1 95 = “goPbye 20 1646.6
#1083Bi 157 = 2%85,Pb e +n+p 1644.8
“8PD197 = 2P0 61N 1640.4

Bpair = A (for even — even)

0 (for even — odd)
— A (for odd — odd)

More later



The BCS theory Many-particles in non-degenerate levels
~ mean-field approx. for the pairing channel ~

Simplified pairing interaction

_ _ _ | U :the time reversed state
V=-GP'P, P'=Y ajal of 1
v>0 e.g.,
v) = |njlm), |v) = |njl—m)
O+,2+,4+,6+,. — ______________________________________________________ o

0+ 0+
delta force monopole

Cf. Metallic superconductivity pairing force



Solve the pairing Hamiltonian

H = Z ey(alay + a,j;a,;) -G ( alaz;) (Z a,;a,,/)
v>0 v>0

174

In the mean-field approximation
e Mean-field approximation:
V=-GP'P— -G (PP + PI(P)) = —A(PT+ P)

Cf. HF potential
Vir(r) = [ o(r,r)pue(r)dr
<——> particle number violation



n we consider H' = H — AN instead of H :

H = > (e — )\)(a};ak a;%a,E) — GPTP
k>0
— Z (ek — )\)(a,;gak + (IL;ECLE) — A(pT —+ ]3)
k>0
= 3 (e — M(afay +alap) — A S (alal + agay)
k>0 k>0

® Transform A’ in a form of

H =) Ek(aLOﬂk + oz,%al—ﬁ)
k>0

15t excited state: |1,) = a£|BCS) at E,

.... and so on.



Bogoliubov transformation

(.

oz,JL — fu,,/a;r/ — vyap, Q5 = u,/a,:; —+ vpay

(Quasi-particle operator)

T —

or a,l — u,,oa;ﬂ —+ vpayg, a; = u,,ozTD + —vpay

(note) )
{oav,ap} =0, {av,a,t =96,

ug—l—fu,%:l



using the quasi-particle operators:

H' ~ ) (e — /\)(a};ak + a%a,;) —A D (a,lta,]ic + agay)

k>0 k>0
— kzo[(ek —\)(uf —vf) + 2Aukvk](azak + O%(IE)
>
+ ) [2(er — Nugvg — A(u% — v%)](ala% + azayg)
k>0

n

It 2(ex — Nupvg — A(u% — fv,%) =0

then B =Y Ey(afoay +alap)
k>0

with Ek: — (Ekz — )\) (u% — ’U%) -|- QAuk”Uk
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2(ep, — Nugvy — A(uf — vf)
u% -+ ’U]%

TN

1 €y — A

— 1 4
2 ( \/(Ey)\)2+A2)

1 1 _ v — A
2 V(@@ -22+a2

(Ek — )\) (u% — “U]%) —I— 2Aukvk
V(e — 202+ A2




Ground state wave function:

< |IBCS) « ]| away|0)

v>0

= H Vy (uy + vy a;ﬂa,]];)| O>

v>0

n
IBCS) = |] (u,/-l—vya,ia:g)|0>

v>0

(note) <BCS|a,};a,,|BCS> = |fv,,|2 . occupation probability

(note) N

Egcs = (BCS|H'|BCS) ~2 Y (v — ANvy — =
v>0



Gap equation

—

> 1 Iey—)\
T 5(1 " E, )
1 €y — A _ 3\ 2 2
jg - 5(1— = ) By =\(ev — N2+ A
v>0
G A
21/>O Ey
(Gap equation)
N=23% v €

v>0



G A

Gap Equation A = =
2 750 /(e — N)2 4 A2

1) Trivial solution: always exists
A =0

2 1 €y — A
v, =—|1-— = 1 (e <)
2 ( \/(Eu — )\)2)
= 0 (e >N)
ﬂ G a/loN —large
11) Superfluid solution
1=9 - <= (Note) obviously thi
= - ote) obviously this
2 >0 \/(EV —A)? 4 A2 equation cannot be

2 __
S =

1
U P
2

c satisfied for G=0
1— z <1
V(e — N2 + A2



1) Trivial solution: always exists
A =0

UL2, = 1 (e <)

= 0 (e >N)

W) = ][ afallo)
v>0

IG a/lo N ——large

11) Superfluid solution
A #=O0
UE <1

|BC'S) = H (uv + vy aial];)|0>
v>0

Number fluctuation

k
1
>
=
<
S
e
?i A €,
<
2 A
= vﬁ Az0
(@F
= )
O
O
@)

A

Pairing gap

(=)

Normal-Superfulid phase transition



Quasi-particle excitations H ~ Epcs+ ) Ev afa
14
eg.s. of even-even nuclei: |BC'S)
eOne quasi-particle states:
1) = aT |BCS’) = a,JLl H (U;y ~+ vy ala;)‘ O>
==
Wave function for odd-mass nuclei

(vi|Hvy) = (H) + By,
e TWO quasi-particle stateS'
jv1vo) = avl |BCS>
Excited state of the even-even nuclei
(nvo|Hlvvg) — (H) = Ey + Ey,

> 2A <= Energy gap
(note) no pairing limit:

odal = alap,  Ep+ Ep— (ep— )+ (A —ep)
(particle-hole excitation)



Even-odd mass difference and pairing gap
A (for even — even) E(N 1 2, Z) E(N’ Z) 4+ 2\

0 (for even — odd)
—A (for odd — odd) E(N 1’2) E(N’ Z) A A

Bpair

S

“Ap~[E(N4+2,2)—2E(N +1,2) + E(N, Z)]/2
or Ap~(An(N)+ Ap(N—-1))/2

An IN MeV

. 10 20 l 30 40 50 60 70 80 90 10 5 - BOhr-MOttelson
0 10 120 130 140 150
N (’69)




Particle Number Projection

BCS) =[] (ww+wvvafal)|0) :violation of the particle number
v>0

== Particle number projection

Cf. Violation of the rot. symmetry for def. nuclei
and the angular momentum projection

Projection operator: (AN)2 = (N — N)Q)
_ 1 2n (N 2 2
Py = — dp P N—N) = 4 ) ujv}

27 J0O v>0

(note) |BCS) =) Cpi|N')
Nf
— |proj) = Py|BCS) = Cy|N)

note) (iNg _ 2ip t 1 degenerate
109 nes yr>[o (1 + o0 P alaz)|0) < iy |BCS)



Variation After Projection: determine Uy by minimizing

o (BCS|Pny(H — AN)Py|BCS)
ProJ (BCS|PnPy|BCS)

=0

1%, Ouy O ,
— i B .
((%y T Ovy 8uy) proJ

=D A=G) wuy
v>0
| | | 1
— BCS
—— Number Projection




Seniority Scheme

e =0
Particles in a single degenerate level 0000
H = —gP'p: pt= 3 aj,,,baT_m Degeneracy: 2?2
m>0
= —GQATA; AT=P1/V/Q
eBCS approximation
2Qv2 =N 0¥ +2 = N/2©
u? = 1—N/2Q
(Y
A =GQuv=GQ £(1—£>
2€2 2€2

Fecs = (H) = ~A2/G =~ 27 (1~ N/29)




gl

m=—m

H = -GP'P, P'=Y a
m>0
= —GQATA; AT =PI/V/Q

eExact solution (Seniority scheme)

g

(Ote) 14 Al =1 — g A0y =0, N|0)=0
s gAfjoy = —GQ Af|o) [N, AT] = 2AT
H(AN?|0) = —2G(Q2- 1) (4h)?|0)

—GN/4-(2Q — N + 2) (AHN/2)0)

|

GNS2
Lpcs = T 5 (1 - N/2Q2)

H(AHN/2|0)

(Y The BCS approximation is good for large N.



Hartree-Fock-Bogoliubov (HFB) Theory

HF+BCS method: first solve HF, and then solve the gap equation

s.p. wave functions, occupation probabilities,
chemical potential, pairing gaps

— wave functions do not change due to the pairing correlation.
only the occupation probabilities are modified

mmm=)  Hartree-Fock-Bogoliubov (HFB) theory:

both wave functions and occupation probabilities



A(r) = ———V2 4 Vyp(r)
p(r) = 3 |Va(r)|?

u,v factors = u, v functions




Relation to the BCS approximation

h—X  A(r) Ua(r) \ _ Ua(r)

A*(r) —h4+ A Val(r) | 79\ Va(r)
Expansion on the HF basis:

Ua(r) = Y u;® oi(r)

where

-~

Va(r) = 3 v i(r) he; = €ip;

S E—

(65— A)d;; Ajj uga) _ uga)
j At (6t N6 ) A @ ) T T )
N 1

I e ‘s N
diagonalization Aij — /d'r‘ 2 ("“)A("“)ij(”’)




~

BCS approximation: Take only the diagonal components in A\ j

S (€ — )\)uga) + Ay vi(a) = Eq u§“>

Rjuf™ + (—¢;+ vy = Eqo®

Solution:

1 Ea — A
— BCS —
uga) ug > 80 = \/5 (1 | aEa )

1 € — A
0" = USCS‘S@'»@:\/E (1_ s )

E, = \/(ea — )\)2 -+ Aga
Uq(r) and V,,(r)have the
Ug(r) = BCS 0o (r) I\ same radial dependence In
Va(r) = BCS D0 (1) the BCS approximation.
mm) This is not the case in HFB.




Application of the HFB method

Density of 19Zr (SHFB-SLy4)

|4.87 | 4.87

10

—14.87

0.12

—14.87

0.12 [0 14.87 10 1487

A. Blazkiewicz et al.,
PRC71(°05)054231
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0.2 5 40.3
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SLy4 T LR ——
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S, energy i
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0 20 40 60 80 100 120 140 160 180
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M.V. Stoitsov et al., PRC68(°03)054312




-t 1T
100 [Deformed drip-line nuclei, s7 . ® <02

-1.2 + 1.1

80 L

@ 0.1 ++01

&0 L
+0.1 + +0.2

40 L Sl

20 " ‘

SLyd ”
volume § pairing W

+0.2 403

® +0.3++0.4
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T

® >4+0.4

k.
=]
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Protan HNumber

o _mg,-u:ewa-" ez ]
40 | e :
0 gl S, energy |
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Neutron Number ;v g5itsov et al., PRC68(°03)054312
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The BCS theory Many-particles in non-degenerate levels
~ mean-field approx. for the pairing channel ~

Simplified pairing interaction

_ _ _ | U :the time reversed state
V=-GP'P, P'=Y ajal of 1
v>0 e.g.,
v) = |njlm), |v) = |njl—m)
O+,2+,4+,6+,. — ______________________________________________________ o

0+ 0+
delta force monopole

Cf. Metallic superconductivity pairing force



Solve the pairing Hamiltonian

H = Z ey(alay + a,j;a,;) -G ( alaz;) (Z a,;a,,)
v>0 v>0

174

In the mean-field approximation

e Mean-field approximation:
V=-GP'P— -G (PP + PI(P)) = —A(PT+ P)

Cf. HF potential
Vir(r) = [ o(r,r)pue(r)dr
<——> particle number violation
e The Bardeen, Cooper, Schrieffer (BCS) ansatz
V) = H (Uy + vy aia;)‘ O>

v>0
|fu,V|2 + \fu,,|2 — 1 <«—— normalization

(note) <alau> = |vy|? : occupation probability



e The Bardeen, Cooper, Schrieffer (BCS) anzatz

vy = ]] (Uy vyaia;)‘0>
v>0

|uu|2 + \fuy|2 — 1 <«—— normalization

(note) <alau> = |vy|? : occupation probability

BCS convention: Up; — Uy, 9V =— —Vyp (real numbers)

(1 + 2ala£) O> = exp (2 ala}) O>
Uy Uy

W) oc exp (Z U”a;[,a}) 0> (pair condensed wave function)
>0 W

<

'U;Va;l — Uyalj

W) < ]| avap|0) e
v>0

«

RI—=X—+

fu,ya,:L/ —+ vpay
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