Summary of the Mean-Field approach to the

ground state properties of atomic nucle1

. Variational Principle

. Hartree-Fock theory
Effective interactions
Broken Symmetries
Symmetry Restoration
Pairing — BCS theory
Pairing — HFB theory

NV AW~



WLV EGLIEIRSRIWIE] (Rayleigh-Ritz method)

(VIH|W)
> Eg.s.
(VW)
(note)
2
W) =3 Culén) = ths = ZnC1 70 > gy
n n “~'n
Strategy
Assume some simple form for |W)
(VIH[W)

=) Determine the parameters so that F —
1s at a minimum (minimization). (VW)




Hartree-Fock Theory
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[independent particle motion in an effective potential well]
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Two aspects:

» It is impossible to treat the N-body problem exactly
(except for light systems).

# of parameters required: )\ ~ p3N 3<p<10
= )\ ~ 1010 (N = 100,p = 3)
The Van Vleck catastrophe
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»But, many experimental observables have a one- body character.



Hartree-Fock Method ;.

-30

V() (MeV)

independent particle motion
in a potential well

-40 -

-50

ol 1
r (fm)

w(1,2,---,A4) Alh1(1)92(2) - - b a(A)]

P1(1) P2(1) -+ Pa(1)
1 ¢1_(2) P2(2) -+ 9a(2)

VAl =
Y1 (A) Yo(A) - Yu(A)

Slater determinant: antisymmetrization due to the Pauli principle
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Hartree-Fock equation: Schroedinger-type eq. with a mean-field potential
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Iteration Procedure
Vs depends on 1p; . non-linear problem
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Observables
A
1) One-body operators Q= Y Q(r;)
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Effective Interaction

Nucleon-nucleon interaction
1In vacuum ———>  Nucleon-nucleon interaction

Vi) in-medium I

+oo
A
c~0.4—0.5fm Bruckner’s G-matrix
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phenomenological effective
interactions

» Skyrme interaction

»(Gogny interaction
»RMF

Existence of short range
repulsive core



Broken Symmetries
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Energy minimization by

breaking symmetries
Example: nuclear deformation
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» Rotational symmetry -
Deformed solution

Constrained Hartree-Fock method

minimize [/ —= H — )\@20 with a Slater determinant w.f.
Q20 = Y r?Y5o(#;) : quadrupole operator

\ Lagl%ange multiplier, to be determined
(WcHFIHIWcHF) so that (Qog) = Q x R28
| | | | | | | | |
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minimum
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Symmetry Restoration
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Projection Operator

Consider a HF state with the axial symmetry
S |vg) =Y Crlvig)
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Pairing Correlations

Effects of the residual interaction
TLQ
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expectation of the indep. particle model.:

E=0: [ho/2 @ hoyal’  (170,2,4,6,8)
E=0.89 MeV: [h9/2 ® f7/2]I
(I=1,2,3,4,5,6,7,8)
—> # of states below 1 MeV: 13

observed spectra:
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The ground state spin of nucleil
»Even-even nuclei: 0*

» Even-odd nuclei: the spin of the valence particle
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The BCS thGOI'y Many-particles in non-degenere}@ levels
~ mean-field approx. for the pairing channel ~

Solve the pairing Hamiltonian

H = Z ey(a};ay + a];a,;) -G (Z ala;) (Z a;a,,)

vr>0 vr>0

in the mean-field approximation

® The Bardeen, Cooper, Schrieffer (BCS) ansatz

vy = 1] (uy—l—vya;f/a:%)|0>

v>0

(note) < au> = |Uz/| : occupation probability

Minimize <H’ <Z e,/(a, aV—|—a a;) — G GP'pP — >\N>

with (W|Njw)y=23 v2=N
v>0
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1) Trivial solution: always exists
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Normal-Superfulid phase transition



Even-odd mass difference and pairing gap
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Hartree-Fock-Bogoliubov (HFB) Theory

~ generalization and unification of HF and BCS methods ~

BCS: u,v factors
HFB: u,v functions

[HFB) = || B«|0)

84

generalized Bogoliubov transformation

gl = [dr {Ua(r) c} + Va(r) er)

@ minimize
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For a local and zero-range interaction:
(rir2lv|rarg) = v(r1)é(r1 —r3)d(r2 —rg) - 06(r1 — r2)

A(r) =X  A(r) Ua(r) \ _ Ua(r))
A(r)* —h(r)+A )\ Va(r) ) 7%\ Va(r)

2
A(r) = o V2 V() Vir(r) = o(0)p(r)
A(r) = v(r)pr)/2

p(r) = Y Va(®)I?, #(r) == Ua(r)Vi(r)

Ortho-normalization:

/ dr [UZ(r)Uni (1) 4 V)V (r)] = 6 o

(note) 1n condensed matter physics: Bogoliubov-de Gennes Equations
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