Random Phase Approximation

Tamm-Dancoff Approximation: |v) = QJ,|HF) = > Xon a;ah|H F)
ph

(superposition of 1plh states)
[H,Q)] ~ E,Q)
<—> (HF|[5Q, [H,QJ]I|HF) = E,(HF|[5Q,Q}]|HF)

Drawbacks:
»No influence of P in the ground state

Eoopy =€+ X)) | Dph|2 — Intera.ct.lon 1S esseptlal n
oh describing collective excitations

»Energy Weighted Sum Rule is violated in TDA
» Admixture of the spurious modes with the physical excitation modes
HF <=> Broken Symmetries (CM localization, rotation,....... )

Restoration of broken symmetriesmm=) Goldstone mode
(spurious motion)



A better approximation: the random phase approximation (RPA)

v) = QJlo) = > (Xpn ahar, — Ypn ajap) 0)
p
[H,Q)) ~ E,Q]
<> (0|[6Q, [H,Q}1110) = Ev(0][3Q, Q}]|0)
d() : arbitrary operator
(note) Harmonic oscillator: HO = ﬁw(aTa + 1/ 2)
—> [HHO,aT] = Fwal

(superposition of 1plh states)

n RPA: describes a harmonic motion

*RPA ground state: | (),, ‘ ()> = 0

eNormalization: <1/‘1/> — 1 = Z| h|2 h‘2 — 1




QJ, —Z ha ap, — Yha;flap

<0|[5@, [H, QI1110) = E.(0[[6Q, QL]|0)

~ 1 _
H = Z t1o an a> + 2 Z V1234 a; CLE a4 a3
< 1.2 1,2.3,4

— T
0Q = ayap, a;ah
m===)> Equations for Xpp and Yon

Quasi-boson approximation:
(0[[6Q, [H, Q}1110) ~ (HF|[6Q, [H, Q}]]| HF)
(0][6Q, Q11I0) ~ (HF|[5Q, Q1| HF)

(0][Quv, QJ]|0) = (HF|[Qu, QJI|HF) = 1



(HF|[5Q, [H, Q)| HF) = E,(HF|[5Q,Q}]|HF)
CQT = Z hCL ap — Y, ha;rlap (SQ — CL};CLP, a;f?ah

RPA equatlon.
Z Aph,p/h/Xp/h’ —l— Bph,p/h’yp/h/ — EVXph
/h/

Z h,p/h,X /h/ _I_ Aph,p,h,Y /h/
/h/

Aph,p/h’ (ep _ Eh)éph,p’h’ + <ph/|fl_)|hp/>
Bph,p’h’ — <pp/|’l_)‘hh,>

(3 2)(5)==(5)




Random Phase Approximation: Historical note

D. Bohm and D. Pines, Phys. Rev. 92(°53)609

The plasma oscillation in an infinite electron gas
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RPA on a schematic model
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=2y

2
|D ph | 2 | D ph|
— €ph, " E -+ Gph (RPA dispersion relation)

D 2
Cf. TDA dispersion relation: — = Z | Dph|
— €ph
4

TR
A N
[ / Va,, ,: \ \ 11)\Ec E
/] N

Figure 8.11. Graphical solution of the dispersion relation (8.135).




(RPA dispersion relation)

1) Critical strength for attractive interaction
A > Aopip — E“ < (Q <= Instability of the HF state

11) Symmetric between E and —F£
iii) In the degenerate limit E2 = ¢2 + 2el Z |Dph|2
ph



Spurious motion in RPA

Mean-Field Approximation <===»> Broken symmetiries

eCenter of mass localization (single center)
®Rotational motion

Restoration of broken symmetries

> Zero mode (Nambu-Goldstone mode)

RPA

(HF|[5Q, [H, QV|HF) = E,(HF|[6Q, Q]| HF)

N

if [H,0] =0
Then () is a solution of RPA with £=0

O = Z(Opha;f?ah + tha;rlap)
ph

N

The physical solutions are exactly separated out from
the spurious modes.




E.R. Marshalek, Ann. of Phys. 53(°69) 569
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Random phase approximation:

eSmall oscillation around equillibrium

1
V(z,y) ~ V(xo,y0) + 5 Y (8;0;V)(x; — mig)(xj — x0)
2,J
e All degrees of freedom are treated equally

—> Treat x and y on the same footing
(work with the Cartesian coordinate)



1) “Spherical” case (L=0)
2 2
1
H=22 4 20 4 Jk(a® + y?)
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D Wy — Wy — \/k/m

i1) “Deformed” case (L # 0)

L _ -
| > Lo — L7 Yyo — O
OML &= Spontaneous Symm. Breaking

note) 07
I/l ( e) ax ( . L)2 — T—3(’T’ . Lyz)
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RPA correlation energy ( A B ) < X ) — B ( X

—B* —A* Y Y
Aph,p/h, — <HF|[a’2ap7 [H7 a';r)/a’h’]]‘HF>
By = —(HF|[alay, [H,a}a]|HF)

A—l— —‘- ~
C a;r,ah — Bph’ apap — Byy,
H = EHF —|— Z Aph p’h’B;th’h’
php’h’ ’

—|— Z ( h,p/h’B B /h’ —|— h.c. )
php/h/
Bogoliubov transformation: O = Z hB;h Y, Bph,

C H = EHF_I_ECOTT_I_ZEVOTOV

corr = 5 (; by — TT(A)) RPA correlation energy




K. Hagino and G.F. Bertsch, PRC61(°00)024307
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e(ny + no) — E(KlKl + K2Ko + h.c.)
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