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Supplement 1 5 -B

The Interaction Picture

For the discussion of systems involving only two or three levels. it is particularly conve-
nient to use a description of the time evolution of the system that lies between the
Schrédinger picture and the Heisenberg picture. both of which were discussed in Chapter 6.
Let us start with the Schrodinger equation, which reads

D 1y) = ~LHluw) =~ o + HYWO) (158-1)
We can write this in the form
l4(n)) = U@ |p(0)) (15B-2)
where
d - i
p U@ = : (Hy + H)U®) (15B-3)

The initial condition is U(0) = 1.
The procedure calls for the definition of a new state vector [y(1)) defined by

[ () = e |yh()) (15B-4)

It follows that
L) = 5 Hol o)) + e‘”o"”(—é)(Ho + H)lw)
— e”’d/ﬁ<—£>H|€_i”"ﬂh |(/l,(t))

If we now define
V() = e | gtk (15B-5)

we end up with the equation

d =(_1
EW’:(’))—( ﬁ)V(t)ll//,(t)) (15B-6)

Solving this equation is not trivial, and in general the best one can do is to find a solution
in terms of a power series in V(). The formal procedure for solving this in a way that in-
corporates the initial condition

|w(0)) = o) (15B-7)
is to write

lyin)) = Uln|d) (15B-8)

W-73



W-74

Supplement 15-B  The Interaction Picture

Equation (15B-6) takes the form

dUfn _
d

—% V() U(1) (15B-9)

Since U/0) = . we can convert the differential equation into an integral equation
!
Utn=1-+ f dr’ V(")Ur') (15B-10)
0

This can be solved by iteration. In the first step we replace thelU, under the integral by 1.
In the second step, we take the U/(t) so obtained and insert it on the right-hand side. and
so on. We thus get

U =1- ifdt’ V') + (—i)'fdx' V(z')fdr" V" + - (15B-11)
ﬁ 0 ﬁ 0 0

This is a nice compact form. but working out the integrals in the second term is still very
tedious. That is all we have to say about this, other than to say that the first-order expres-
sion is very handy for dealing with two- and three-level systems. as we shall see in Chap-
ter 18.
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